LIE ALGEBRA COHOMOLOGY COMPUTATIONS

CHRISTOPHER P. BENDEL

1 Introduction

1.1 Let g be a simple Lie algebra over a field F' of prime characteristic with Borel sub-
algebra b C g corresponding to the negative roots. Further, let u C b denote the nilpotent
radical of b. This note contains computations of the dimensions of the cohomology groups
H'(u, F) made with the program MAGMA [BC, BCP] as well as java and MAGMA code
written by undergraduate students at UW-Stout [Stout]. Of course for small rank groups,
this can be done by hand.

The tables are given by the type of the root system. In the tables, the degree is the
cohomological degree, i.e., the value of . And p is the prime characteristic of the field F.
Recall that for p > h — 1 (where h is the Coxeter number), the dimension agrees with that
in degree zero.

2 Results

2.1 Type A,
Type A;: dimu=1,h=2

Degree || p=0|p>2
0 1 1
1 1 1

Type As: dimu =3, h =3

Degree | p=0|p>2
0 1 1
1 2 2
2 2 2
3 1 1

Type Asz: dimu=6, h=4
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Type Ay: dimu =10, h=5

Type As: dimu = 15,

2.2 Type B,

Degree |p=0|p=2|p>3

0 1 1 1

1 3 3 3

2 5 6 5

3 6 8 6

4 5 6 5

5 3 3 3

6 1 1 1

Degree | p=0|p=2|p=3|p>5
0 1 1 1 1
1 4 4 4 4
2 9 11 9 9
3 15 25 17 15
4 20 38 25 20
5 22 42 28 22
6 20 38 25 20
7 15 25 17 15
8 9 11 9 9
9 4 4 4 4
10 1 1 1 1
h==6
Degree | p=0|p=2|p=3|p>5

0 1 1 1 1
1 5 ) ) 5
2 14 17 14 14
3 29 52 33 29
4 49 119 66 49
5 71 209 110 71
6 90 308 151 90
7 101 381 172 101
8 101 381 172 101
9 90 308 151 90
10 71 209 110 71
11 49 119 66 49
12 29 52 33 29
13 14 17 14 14
14 5 5 ) 5
15 1 1 1 1
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Type Bs: dimu=4, h=4

Degree || p=0|p=2|p>
0 1 1 1
1 2 3 2
2 2 4 2
3 2 3 2
4 1 1 1
Type Bs: dimu=9, h=6
Degree |p=0|p=2|p=3|p>5
0 1 1 1 1
1 3 4 3 3
2 5 12 6 5
3 7 24 10 7
4 8 33 12 8
5 8 33 12 8
6 7 24 10 7
7 5 12 6 5
8 3 4 3 3
9 1 1 1 1
Type By: dimu =16, h =8
Degree | p=0|p=2|p=3|p=>5|p=>7
0 1 1 1 1 1
1 4 5 4 4 4
2 9 22 10 9 9
3 16 70 23 17 16
4 24 168 44 29 24
5 32 336 74 44 32
6 39 555 114 57 39
7
8
9
10 39 555 114 57 39
11 32 336 74 44 32
12 24 168 44 29 24
13 16 70 23 17 16
14 9 22 10 9 9
15 4 5 4 4 4
16 1 1 1 1 1
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Type Bs: dimu =25, h =10

Degree | p=0|p=2|p=3|p=5|p=T|p>11
0 1 1 1 1 1 1
1 5 6 5 5 5 5
2 14 30 15 14 14 14
3 30 129 40 31 30 30
22 30 129 40 31 30 30
23 14 30 15 14 14 14
24 5 6 5 5 5 5
25 1 1 1 1 1 1

Note: The values for degrees > 22 have been filled in using the Duality Principle: Hi(u, F) =
HAm U= £ ) < 4 < dimu. Reference for this fact?

2.3 Type C,

Type Cy: dimu=4, h=4

Degree || p=0|p=2|p>3

0 1 1 1

1 2 3 2

2 2 4 2

3 2 3 2

4 1 1 1

Type C3: dimu=9, h=6
Degree | p=0|p=2|p=3|p>5

0 1 1 1 1
1 3 5 3 3
2 5 13 6 5
3 7 24 10 7
4 8 33 12 8
5 8 33 12 8
6 7 24 10 7
7 5 13 6 5
8 3 5 3 3
9 1 1 1 1

Type C4: dimu=16, h =8
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Degree | p=0|p=2|p=3|p=5|p=>7
1 1 1 1 1
4 7 4 4 4
9 27 10 9 9
16 79 22 16 16
24 187 43 26 24
32 363 79 41 32

39 581 124 o7 39

39 581 124 o7 39
32 363 79 41 32
24 187 43 26 24

== = = =] =] =
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16 79 22 16 16

9 27 10 9 9

4 7 4 4

1 1 1 1 1

Type C5: dimu =25, h =10
Degree | p=0|p=2|p=3|p=>5|p=7|p>11

0 1 1 1 1 1 1
1 5 9 5 5 5 5
2 14 45 15 14 14 14
3 30 174 39 30 30 30
22 30 174 39 30 30 30
23 14 45 15 14 14 14
24 5 9 5 5 5 5
25 1 1 1 1 1 1

Note: The values for degrees > 22 have been filled in using the Duality Principle.
2.4 Type D,

Type Dy: dimu=12, h=6
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Degree | p=0|p=2|p=3|p=>5
1 1 1 1
4 4 4 4
9 15 9 9
16 37 17 16
23 67 28 23
28 103 39 28

122 44 30
28 103 39 28
23 67 28 23
16 37 17 16

—| =
S| oo~ o] o | w| |~ o
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9 15 9 9
4 4 4 4
12 1 1 1 1
Type Ds: dimu =20, h =38
Degree | p=0|p=2|p=3|p=5|p>7
0 1 1 1 1 1
1 5 5 5 5 5
2 14 22 14 14 14
3 30 79 37 30 30
17 30 79 37 30 30
18 14 22 14 14 14
19 5 5 5 5 5
20 1 1 1 1 1

Note: The values for degrees > 17 have been filled in using the Duality Principle.

2.5 Type E,
Type Fg: dimu = 36, h = 12

Degree | p=0|p=2|p=3|p=5|p=T7|p=>11
0 1 1 1 1 1 1
1 6 6 6 6 6 6
2 20 30 20 20 20 20
34 20 30 20 20 20 20
35 6 6 6 6 6 6
36 1 1 1 1 1 1

Note: The values for degrees > 34 have been filled in using the Duality Principle.

Type E7: dimu =63, h = 18



Note: The values for degrees > 34 have been filled in using the Duality Principle.
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Degree

0 1 1 1 1 1 1 1 1
1 7 7 7 7 7 7 7 7
62 7 7 7 7 7 7 7 7
63 1 1 1 1 1 1 1 1

Type Es: dimu =120, h = 30

Degree | p=0|p=2|p=3|p=5|p=7|p=11|p=13|p=17|p=19 =23 > 29
0 1 1 1 1 1 1 1 1 1 1 1
1 8 8 8 8 8 8 8 8 8 8 8
119 8 8 8 8 8 8 8 8 8 8 8
120 1 1 1 1 1 1 1 1 1 1 1

Note: The values for degrees > 34 have been filled in using the Duality Principle.

2.6 Type F}
Type Fy: dimu =24, h =12

Degree | p=0|p=2|p=3|p=5|p=T7|p=>11
0 1 1 1 1 1 1
1 4 6 4 4 4 4
2 9 30 12 9 9 9
3 16 118 37 17 16 16
21 16 118 37 17 16 16
22 9 30 12 9 9 9
23 4 6 4 4 4 4
24 1 1 1 1 1 1

Note: The values for degrees > 34 have been filled in using the Duality Principle.

2.7 Type G,
Type Go: dimu=6, h =6
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Degree | p=0|p=2|p=3|p=>5

0 1 1 1 1

1 2 3 3 2

2 2 6 6 2

3 2 8 8 2

4 2 6 6 2

5 2 3 3 2

6 1 1 1 1

REFERENCES
[BC] W. Bosma, J. Cannon, Handbook on Magma Functions, Sydney University, 1996.
[BCP] W. Bosma, J. Cannon, C. Playhoust, The Magma Algebra System I: The User Language, J.
Symbolic Computation, 3/4 no. 24 (1997), 235-265.

[Stout] See http://faculty.uwstout.edu/bendelc/research/student.html

DEPARTMENT OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE, UNIVERSITY OF WISCONSIN-
StouT, MENOMONIE, WI 54751, USA
E-mail address: bendelc@uwstout.edu



